UNIT -1V
BEAM DEFLECTION
PART - A

1) Write the equation giving maximum deflection in case of a ssimply supported beam subjected to a point
load at mid span (Apr/May 2018)

20, DEFLECTION OF A SIMPLY SUPPORTED BEAM CARRYING A POINT LOAD
AT THE CENTRE
A simply supported beam AB of length L and carrying a point load W at the centre is
shown in Fig. 12.3. .

As the load is symmetrically applied the reactions R, and Ry will be equal. Also the

maximum deflection will be at the centre.
[ ]
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Now R A= R B = ?

_ Consider a section X at a distance x from A. The bending moment at this section is
given by,

Mx =R A XX
W o -
=5 xx _ (Plus sign is as B.M. for left portion at X
is clockwise)
But B.M. at any section is also given by equation (12.3) as
¥ 2
3 -M=EI %
dx®
Equating the two values of B.M., we get
3 d’y W .
EI E = ? X x . ..(f)
‘: On integration, we get
3 dy W =«
EI a”=?x? +C, i)

where C, is the constant of integration. And its value is obtained from boundary conditions.

™ L
The boundary condition is that at x = L slope [%) =0 (As the maximum deflection is at the
centre, hence slope at the centre will be zero). Substitu

entre, ting this boundary condition in equa-
tion (i), we get

or Ci=——

Substituting the value of C, in equation (ii), we get

dy Wx? WI?
] ==
E = 6 ..(#80)
The above equation is known the slope equation. We can find the slo at point on
. the beam by substituting the values of x. Slope is maximum at A. At A, i e

x=0andh slo;
at A will be obtained by substituting x = 0 in equation (). . v




[[ﬁ) is the slope at A and is represented by 0 AJ
dx at A ,
; 2
of EI x0, =— -‘E‘-_
16
WL?
0, =———
] 16ET
The slope at point B will be equal to 8, since the load is symmetrically applied.
2
[ L ..(12.6)
16ET
Equation (12.6) gives the slope in radians.

Deflection at any point

Deflection at any point is obtained by integrating the slope equation (iii). Hence inte-
grating equation (iii), we get
W 2 wL? y
Elxy=-4—.?———16 x +C, -(fv)
where C, is another constant of integration. At A, x = 0 and the deflection (y) is zero.
Hence substituting these values in equation (iv), we get

EIx0=0-0+C,

or C,=0
Substituting the value of C, in equation (iv), we get
Wx® WL x
EI = -
x¥Y=70 16 @)

The above equation is known as the deflection equation. We can find the deflection at
any point on the beam by substituting the values of x. The deflection is maximum at centre

Point C, where x = % - Let y, represents the deflection at C. Then substituting x =
in equation (v), we get

W (LY w2 (L
R aC

L
2 andy =y,

12\ 2 16 (2
_WLER wr? wr? - 3wrd
T796 32 96
_ 2w wr?

T 96 48
__wed
Ye =" 48l

_ (Negative sign shows that deflection is downwards)

3
Downward deflection, y, = 4“;;{ -(12.7)



2) State the two theorems of conjugate beam method (Apr/May 2018)

Conjugate Beam Theorem I :

“The slope at any section of a loaded beam relative to the original axis of the beam, is equg]
to the shear in the conjugate beam at the corresponding section.”

We know that, ll:)ad=w=£

EI
Shear=s,=jw-dx=j£dr
0
[ d’y _dy
But, —dx= = — = slope
-!EI dx’ dx

Conjugate Beam Theorem II :

“The deflection at any given section of a loaded beam, relative to the original position is I
equal to the bending moment at the corresponding section of the conjugate beam.”

We know that, shear S, = j‘;dx 1

. Bending moment, M, = isx' dx = ﬁ% dx
o 00

M d’y _%dy roved

dx=||—Z=ZL___ : P

But, 115; II d  gdx =y = deflection

The following points are worth noting for the conjugate beam method:

(i) This method can be directly used only for simply supported beams. apr’j

(ii) In this method for cantilevers and fixed beams, artificial canstrmn!sﬂ“’dm;,smmﬁ
toﬂlcconjugateheamsothatmssuppomdmamanne:wonsmcntwlﬂlthc
oflhemlbeam

3) Write down the equation for the maximum deflection of a cantilever beam carrying a central point
load ‘w’.

(May / June 2017)
w
A
/2 B
l i
w.?® w.? f
=—2a 4,3 (/—a
Yo = 3g 2EI( )
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4) Draw conjugate beam for a double side over hanging beam (May / June 2017)

AN <

5) List out the method’s available to find the deflection of the beam. (Nov / Dec 2015, 2016)
The available methods to find the deflection of beam are

i) Doubleintegration method
ii) Macaulay’s method

iii) Moment Area method

iv) Conjugate beam method

6) State Maxwell’s reciprocal theorem (Nov / Dec 2016) (May / June 2016) (Nov / Dec 2017) (Nov/Dec
2018) (Apr/May 2019)

The Maxwell reciprocal theorem states that, “the work done by the first system of load due to
displacement caused by a second system of load equal the work done by the second system of load due to
displacement caused by the first system of load”.

n

S (R), (3)s =2 (R), (5,),

i=1 =1

7) How the deflection & slopeiscalculated for the Cantilever beam by conjugate beam method?

(May / June 2016) (Nov/Dec 2017) W (Nov/Dec 2018)

a l
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Total load on conjugate beam = Area of |oad diagram

2
P:Azlexm—fz_wf
2 El 2El

We know that,

Slope at B = shear force at B for the conjugate beam

8) What isthe equation used in the case of doubleintegration method? (Nov /Dec 2015)

The B.M at any point is given by the differential equation

2
M = Hﬂl
dx?

Integration the above equation, we get,
[m= jady a
Integration above equation twice, we get , — slope equation

Hmzﬂaggzay
— Deéflection equation

9) What are the advantages of Macaulay’s over other method for the calculation of slope & deflection?
(Apr / May 2015)

The procedure of finding slope and deflection for a SSB with an eccentric point load is very Laborious.
There is a convenient method, that method was devised by Mr. M.H.Macaulay and is known as Macaulay’s
method.

In this method, B.M at any section is expressed and the integration is carried out.

10) In a cantilever beam, the measur ed deflection at, free end was 8 mm when a concentrated load of 12
KN was applied at it’s mid span. What will be the deflection at mid — span when the same beam carriesa
concentrated load of 7KN at the free end? (Apr / May 2015)



S~ Ys =8 mm

Maxwell Reciprocal theorem,

Z%R& :Z%PJSJ
12x8="7xy,
12x8

7 e
Y. =13.71mm

11) What isthe limitation of double integration method? (Nov / Dec 2014)
* This method is used only for single load

* This method for finding slope & deflection is very laborious

12) Define strain energy? (Nov / Dec 2014)

When an elastic material is deformed due to application of external force, internal resistanceis
developed in the material of the body, Due to deformation, some work is done by the internal resistance
developed in the body, which is stored in the form of energy. This energy is known as strain energy. Itis
expressed in Nm.

13) What isthe relation between slope, deflection and radius of curvature of a beam?

Where, R = radius of curvature
6 = dy/dx = sope
y = Deflection

14) Statethe expression for slope and deflection at the free and of a Cantilever beam of length ‘I’
subjected to a uniformly distributed load of ‘w’ per unit length.



T~k :!

Consider asection X at adistance x from the freeend B,

2

BMatsectionXX =M, = _"’2X
2 2
Mg 3 o Zex
dx 2
Integratetheaboveequation
3
g __eX o 1
dx 6
Integration again,
4
Ely = ‘”: +CX+C, .2

C, & C, vaues are obtined fromboundary condition.

i) when x=1¢, slopeﬂzo
dx
ii) when x = ¢; deflection y=0

Applying BC (i) to equation 1

_ 3
0= Q:f +C,

o/l

C1:?

Substitute the C; valuesin eguation 1

- 3 3
E|ﬂ: . +%

3(slopeequ
= Qe — 3(slopeequ)

Max dope —substituting x=0 in equation 3

3
gy _of
dx 6
3
max slope, 0, :ﬂ:%
dx 6El

Applying B.C( iii) to equation 2

_ ol ol Bol* -off

6 24 24 8

Substitute C; & C, valuesin equation 2



-0l o’ A
+ X——

Ely =
Y 24 6 8

-4

Max deflection occurs at the end, — substituting x=0 in equation 4

ofl!
Ely, =0-0—-——
Ye P
y OTA
®  8El
_ 4
Max deflection, |y, = of
8El

15) In a support beam of 3m span carrying uniformly distribution load throughout the length the slope at
the support is 1°. What isthe max deflection in the beam? (Apr/May 2019)

AN
A 24E 180°
5 of*

Max deflection (Yma) = —
(e 384 EI

_of 50 _m 5x3
24El 16 180° 16

Yo = 0.0164

16) Calculate the maximum deflection of a smply support beam carrying a point load of 100 KN at mid
span. Span = 6m; El = 20,000 K N/m?

100 kN

3m l 3m

6m

A
\ 4

A - o/®  100x6°
X 48El  48x 20000

Ve = 22,5 mm

17) A cantilever beam of span 2miscarrying a point load of 20 KN in the free end. Calculate the slope at
thefreeend. Assume El = 12 x 10° KNm?

=0.0225m

20KN

>
RO

2m

A
A 4




_of?

57 2FI
_ 20x2?
- 2x12x10°

0, = 0.0033 rad

18) State thetwo theoremsin the moment area method.
Mohr’s theorem 1:

The change of slope between any two point is equal to the net area of the BM diagram between these
points divided by El.

Mohr’s theorem 2:

The total deflection between any two point is equal to the moment of the area of the BM diagram
between these two point about the last point divided by EI.

19) Define Resilience and proof resilience?

Resilience is ability of amaterial to absorb energy under elastic deformation and to recover this energy upon
removal of load. Resilience isindicated by the area under the stress strain curving to the point of elastic limit. In
atechnical sense, resilience is the property of a material that allow it return to its original shape after being de
formed.

Proof resilienceis defined as the maximum energy that can be absorbed within the elastic limit without creating
a permanent distortion.

20) Define the term modulus of resilience.
Itistheratio of the proof resilience to the volume of the body.
21) Why moment area method is more useful when compared with double integration?

Moment area method is more useful, as compared to double integration method because many problem
which do not have a simple mathematical solution can be simplified by the ending moment area method.

22) Explain the theorem for conjugate beam method?

Theorem |: The slope at any section of aloaded beam, relative to the original axis of the beam is equal to the
shear in the conjugated beam at the corresponding section.

Theorem I1: the deflection at any given section of aloaded beam, relative to the original position is equal to the
bending moment at the corresponding section of the conjugated beam.

23) Define method of singularity function?

In Macaulay’s method a single equation is formed for all loading on a beam, the equation is
constructed in such away that the constant of integration apply to all portion of the beam. This method is also
called of singularity function.

24) What are the point to be worth for conjugate beam method.

1) This method can be directly used for simply support beam



2) In this method for cantilever and fixed beam, artificial constraints need to be supplied to the conjugate beam
so that it is support in amanner consistent with the constraints of the real beam.



PART -B

1) A beam of length 5m and of unifor m rectangular section issimply supported at itsend. It carriesa
uniformly distributed load of 9kN/m run over theentirelength. Calculatethewidth and depth of the
beam if per missible bending stressis 7 N/mm? and central deflection isnot to exceed 1cm. Take
E=1x10" N/mm? (Apr/M ay 2019) (Nov/Dec 2018)

L =5m=5000mm

w=9kN/m

W = wL =9x5=45kN = 45000N

s, =7N/mny

Yo =1lcm=10mm
E =1x10°N / mm?
b

12

5w’
Y3 |
5 45000x5000°x12

10=

384 1x10%xbd?®

bd® = 878.906x10"mm"* — 1
wi? W 450005000

Mo WE I — 28125000Nmm
8 8 8
Bending equation
M _s,
I y
% _ % — bd? = 24107142.85mm?® — 2
12 2

divide equation 1 by equation 2, we get,

0d=364.58mm subs. in equation 2, we get

b=181.36mm

2) A simply supported beam of length 5m carries a point load of 5kN at a distance of 3m from the left

end. If E=2x10° N/mm? and 1=10® mm* deter mine the slope at the left support and deflection under the
point load using conjugate beam method. (Apr/May 2019) (Nov/Dec 2017)



Sol. Given :

Length, L=5m

Point load, W=5kN
Distance AC, a=3m
Distance BC, b=5-3=2m
Value of

E =2 x 10° N/mm? = 2 x 10° x 10% N/m?
=2 x 10° x 10° kN/m? = 2 x 108 kN/m?
I =1x10® mm*=10"*m*
R, = Reaction at A

R, = Reaction at B.
Taking moments about A, we get

Ryx5=5x3
5>5<3 — 3 KN
RA=T0m10ad—RB=5—3=2kN
The BM.atA=0
BM.atB=0
BM. atC=R, x3=2x3=6kNm.
Now B.M. diagram is drawn as shown in Fig. 14.3 (b).

Value of
Let
and

Rg=
and

Now construct the conjugate beam as shown in Fig. 14.3 (¢). The vertical load at C* on
conjugate beam

_ B.M.atC=6kNm

El EI
Now calculate the reaction at A* and B* for conjugate beam

Let R,* = Reaction at A* for conjugate beam

Ry* = Reaction at B* for conjugate beam.
Taking moments about A*, we get

Rg* x 5 = Load on A*C*D* x distance of C.G. of A*C*D* from A*
+ Load on B*C*D* x Distance of C.G. of B*C*D* from A*

1 6Y) (2 1 6 1

= [ Ssegn 28K (2 10,8

(2“ xEr]x[sxs]+(2wxm)"(“ﬁxz]

J18.6 118 m 4
EI"EI 3 " EIVEICE

. 40 1 8

2= B5



15 kN

(o]

A 3 B
r'y \

(@) 3m 5

5m »

(b)
DI
5
El
(c) 3
A* - é, ILB
am > 2m ——»
R*, Conjugate Beam R'g
Fig. 14.3
R,* = Total load (i.e, load A*B*D*) — Rp*
.]_'. x B x i) - i
A2 EI) EI
_16 T
" EI EI EI
d;
Let 8, = Slope at A for the given beam i.e., [é) at A

¥c = Deflection at C for the given beam
Then according to conjugate beam method,
6, = Shear force at A* for conjugate beam = R ,*
= %.: m ('.' E = 2 x 103kN!m3de= 10_41114)
= 0.00035 radians. Ans,
¥c = B.M. at C* for conjugate beam
=R,* x 3 — Load A*C*D* x Distance of C.G. of A*C*D* from C*

7 1. ..6) (1
EIK3 (Ex3x-§]x(-§x3]

_21_ 9 12
ElI EI EI
12 6 _ 6x1000

"o 108 x 10 = 104 11.1- ~10000 mm = 0.6 mm. Ans.



3) Derivethe equation for slope and deflection of a simply supported beam of length ‘L’ carrying point
load ‘W’ at the centre by Mohr’s theorem. (Nov/Dec 2018)

AL ML IR LA R R L E) S R R A R =

. Fig.12.20
distributed load
(b). This is a cas

0 shovs sl ot oam A8 1L L DS oy
of w/unit length over the entire span. .'l‘he B. t'the A pointl(g:.' 19,
e of symmetrical loading, hence slope is zeT0 & .., ]

" L w/Unit length

@ |wL — TTTTTTTTTT

w. 1
8
(b)

A c B.M. Diagram
le N 9
[«

L] [

Fig. 12.20
(i) Now using Mohr’s theorem for slope, we get

Area of B.M. diagram between A and C
Slope at A= Bl

But area of B.M. diagram between A and C
= Area of parabola ACD

=§><AC><CD

2 L wl?® w. La
==X —XK—=
3 2 8 24
wl’
A =
24EI
: (ii) Now using Mohr’s theore;l; for deflection, we get from equation (12.17) as
', =
; Y=E
& wheré A= Area of B.M. diagram between A and C
e
i will
W % = Distance of C.G. of area A from A
5 _5 L_5L
w.® 5L
24 18 5 wiIt
- y _—— ~—.__. i
EI 384 EI ° "

Slope at

n

4. A cantilever of length 2m carriesa uniformly distributed load of 2.5kN/m run for a length of 1.25m
from thefixed end and a point load of 1kN at thefreeend. Find the deflection at the free end, if the
section isrectangular 12cm wide and 24cm deep and E=1x10* N/mm? (Apr/May 2018)



Length, L=2m=2000 mm

Ud.l
’ w=2.5kN/m = 2.5 x 1000 N/m

_ 25x1000

= "Trnn— N/mm = 2.5 N/'mm
o 1000

t.}ltlt load at free end, W=1kN = 1000 N
Dllsta.nce AC, a=125m=1250 mm
Width, b=12cm
Depth, d=24cm
Value of I= ____bd3 = ——————12 L Ly
12 12

= 13824 cm* = 13824 x 104 mm* = g

Xealue of E =1 x 104 N/'mm?2 B
¢ _ .
Yy = Deﬂect.mn at the free end due to point load 1 kN alone
¥3 = Deflection at the free end due to u.d.l. on length AC
I 20m >
14 1.25 m < 0.75 "——b1kN
Al /25 kN/m o
Sonac —Y¥B

\-‘a.:h_\.r
[
Il
1
i
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I
1
]
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[
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e
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Fig. 13.7

(©) Now the downward deflection at the fre
the free end is given by equation (13.2 A) as @ end dyg

wL? 1000 x 2000°

SEI ™ 3x 10 x 13824 x 107 ~ 1929 mm.

(ii) The downward deflection at the fr
ee end d ; i v
2.5 N/mm on a length of 1.25 m (or 1250 mm) is given b;zqtl?atﬁfg?g Ecll;stnbut,ed load of

to point load of 1 kN (or 1000 N) at

Y=

4 3
3 wa w.a
4 3
- 2;5>< 1250 - 24.5 x 1250 + (2000 1250)
8x 10" x 1.3824 x 10 6x 10" x 1.3824 x 10

= 0.5519 + 0.4415 = 0.9934
. Total deflection at the free end due to point load and u.d.l.
=y, +y; =1.929 + 0.9934 = 2.9224 mm. Ans.

5) A beam AB of 8m span issimply supported at theends. It carriesa point load of 10kN at a distance of
1m from theend A and a uniformly distributed load of 5kN/m for alength of 2m from theend B. If 1=
10 x 10°m?®, determine: i) Deflection at the mid span ii) Maximum deflection iii) Slope at theend A

(Apr/May 2018)
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6) A cantilever of length 3m iscarrying a point load of 50kN at a distance of 2m from the fixed end. If
E=2x10° N/mm? and 1=10® mm* find i) slope at the free end and ii) deflection at the free end. (Nov/Dec
2017)

L =3m=3000mm

W = 50kN = 50000N
a=2m=2000mm

| =10°mm?*

E =2x10°N / mn??
i)slope

Wa® B 50000x2000°

- = =0.005rad
%e 2EI  2x2x10°x10°
ii) Deflection
wa® Wa?
= + L-a
Ve 3El  2EI (=3

50000x2000° 5000020007
Ye = s T 518

3x2x10°x10°  2x2x10°x10
Yg =11.67mm

(3000 2000)

7) Determinethe dopeat the two supportsand deflection under the loads. Use conjugate beam method
E = 200 GN/m?, | for right half is2 x 10°mm?®, | for left half is 1 x 10° mm* the beam is given in fig. Q.14

(0). (May / June 2017)
100kN
A Ve
O~ @
<— 2m -—%|% 2m —_—
Fig. Q .14 (b)
Solution.
Given:
Length, L =4m
Length AC=LengthBC =2m
Point load, W = 100kN

Moment of inertiafor AC

| =1x10° mm*= Em“ =10*m*

102

Moment of inertiafor BC



=2 x 10°mm*
=2x10"m*=2l
Value of E = 200 GN/m? = 200 x 10° N/m?
=200 x 10° kN/m?.

Thereactionsat A and B will be equal, as point load is acting at the centre,

R, =R, :%0:50kN

Now B.M. at A and B are zero.

B.M.a C=RaXx2=50x2=100 kNm

Now B.M. can be drawn as shown in Fig.14 (b)

Now we can construct the conjugate beam by dividing B.M. at any section by the product of E and M.O.I.

The conjugate beam is shown in Fig.14 (c). The loading are shown on the conjugate beam. The loading on
the length A"C” will be A"C'D” whereas the loading on length B'C” will be B'C'E'.

Theordinate €D’ = — oM-aC 100
ExM.OlforAC El

BM.atC _ 100 50
productof EandM.O.IforBC Ex2| El

Theordinate C'E" =

Let R =Reactionat A" for conjugate beam

Rs = Reaction at B for conjugate beam



lTDU KN
¢ B

&) 100 kNm

2 II.r’.f/i///ii!.."/./l//.f.-'//.f///i////

A
B.M. Diagram c
Dﬁ‘
100 _ 50
()
A"f ;
Gk JLB
F—— 2 m »la
e 2 m —— '
R Conjugate beam HY

Fig.14
First calculate Rx" and Rg"
Taking moments of all forces about A*, we get

Ry X 4=Load A"C*D" x Distance of C.G. of A"C*D" from A +
Load B"C*E’ x Distance of C.G. of B'C*E from A"

:(lx ZXQJX(EX 2j+(lx2x@)x(2xlx 2}
2 El 3 2 El 3
_ 400 400 _800

3El 3El 3El

RB* = @
3El

Ra" = Total load on conjugate beam - Ry’

1 100 1 50) 200

=] =X2X— 4+ —=%X2X— |- —
[2 El 2 EI) 3El
El  3El 3El

i) Slopes at the supports

Let B, =Slopeat A i.e, (%) at A for the given beam



Og=Slopea Bi.e, (%) at B for the given beam

Then according to the conjugate beam method,

O, = shear forceat A" for conjugate beam = R,

_20
3El

-0 _oo04166rad. Ans
3x 200x10° x10

©g = shear force at B” for conjugate beam = Ry’

200

=l

~ 200

© 3x200x10°x10™*

=0.003333rad. Ans.
(iii) Deflection under the load

Let Y. = Deflection at C for the given beam.
Then according to the conjugate beam method,

Y.=B.M. at point C" of the conjugate beam

=R x2—(Load A°C'D") x Distance of C.G. of A'C'D” from C’

@XZ—(EX ZXQ}{EX 2]
3El 2 El 3

__500_200 100
3El 3El EI
100

=————=_m
200x10°x10™*

. im = i><1000 =5mm. Ans..
200 200

8) Cantilever of length (I) carrying uniformly distributed load w KN per unit run over whole length.
Derivetheformulato find the slope and deflection at the free end by doubleintegration method.
Calculate the deflection if w = 20 KN/m, | = 2.30 m and EI = 12000 KNm? (13)

(Nov / Dec 2016)
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Cantilever AB of length (1) fixed at and free at end B carrying a UDL of w per unit length over the whole span,

Consider section XX at adistance x from the freeend B

2

B.M at section XX = wx Xz = —
2 2
M =g dY 2o
dx 2
3
Integration the above equation, Elg—z: CZX +C, A
. . —ox*
Integration again, EIy:7+Clx+C2 .2

C: & C, — values are obtained from the boundary condition,

i) Whenx=/¢,dope ﬂ:o
ax

ii) Whenx= ¢,dopey=0
Applying Boundary condition i) in equation 1 we get,
3
0= -0/
6

3
C :%subin equa 1 we get

+C,

1

. dy -ox® of
slop equation El— = b — .3
Ped dx 6 6
Max slop can be determine by substituting x = 0inequ 3
3
B (ﬂj _of®
dxJ); 6
at (x=0)
3
El o, = 2
a (x=0) 6
o’
®  6El
Apply ii) Boundary condition to equation 2,
Y] 3
_ ot + o 1+C,
24 6
4 4 4 4
CZZOJE _w( _ 3w/ _ Y4 2
6 24 24 8

Sub, C; & C, value in equation 2 we get,



—0zt of® ol
+—X—— .5
24 6 8

Deflection equation |El'y =

Max deflection occur at z= 0 in equation 5

—ol*
Ely, =
AN
—ol* o .
Yo =5, [sign indicatedownward deflection]
o=20KN/m ¢=230m El =12000KNm?
3 4
- 20x10° x 2.33 _583x10°m
8x12000x10

Yg =5.38 mm

9) Derivethe formulato find the deflection of a simply supported beam with point load w at the centre by
moment area method (8 mark)

(Nov / Dec 2016)

A SSB of length | carrying af w ad at mid — span,

4
A 4

A
A 4

Loading is symmetric the maximum deflection occurs at mid span C. The slope at C iszero. Slope at A
& B is maximum,



Areaof BMDbetweenA& C A

Slope @t A=6, = 2
El El
1 ¢ of of?
=—X—X— = —
2 2 4 16
_0362
* 16El
_ 20 ¢
X=——=—
32 3
ot !
_AX _ 16 3
N = El
ol
Ye 48E|

10) A simply supplied beam of span 5.80 m carriesa central point load of 37.5 KN, Find the max. slope
and deflection, Let EI = 40000 K Nm?. Use conjugate beam method, (5)

l 37.5KN

A A
A C B

29m

(Nov /Dec 2016)

Ra =18.75KN Cc 54.37kNm  }.75 KN

<
<

A 4

A BMD B
C 1.36 x10°/m
A Conjugated beam B
BMD:
R, &R, R, +R, =375KN L1
>M, =0 58R, =37.5x29

Ry =18.75 KN | substitutein 1, we get
R, =18.75 KN



M, =M, =0

M, =18.75x2.9

=54.375 KNm
M _54375 =1.36x10°%/m
El 40000

Total load on conjugated beam =Area of M/EI diagram

P= %x 5.8x1.36x107

P=3.94x10"°
Reaction at each support for conjugate beam,

R, =R, — 1 p_1972x10° radians
2

Deflection at c = B.M at C for the conjugate beam,

=1.972x10°x 2.9—%>< 2.9x1.36x107° x %x 29

=5.7188x10"° -1.9062x10°
Yy, =3.8125x10°m

Y. =3.8125 mm

11) A SSB subjected to UDL of w KN/m for the entire span. Calculate the maximum deflection by double
integration method (16 mark) (Apr / May 2016)

w/ unit
length

/ X

AT x AB
«—
44 X
,I< »
R —(D_é RB:(D_Z
SSt A 2 dcarryingaUDL of w per mlength 2 espan
! Y4
Thereactionat A & B are, Ry = Rg = -

Consider asection XX at adistance x from B

BMa XX = 2 x—ox 2
2 2
2
M, :m_ZX_(ox
2 2
2 2
M =g dY_of, ox 1

X ax? 2 2



Integrating the above equation

| —=—=—X"———+C, 2
dx 4 6
Integration again,
3 4
Ely= Ol —%+C1X+C2 .3
12 24

Varies of C; & C,— obtained by applying Boundary condtion,

i) when x:£:>slopﬂ:0
2 dx

i) when x = 0= deflectiony =0

Apply B.C i) to equation 2

o_w_f[ﬁjz_e(ﬁj3+c
4\2) 6l2 '

3 3
:%_%_f_cl
16 48

3 3 3
Clzﬂ_%:—% subin Equ 2
48 16 24

3 3
E|QZ%X2_%_% 4

Slop equation
ped dx 4 6 24

Max slop occur between A & B

Max dlop substitute x=0 ; in equa 4

3
B _ g, -~
dx 24
L —vesignslopin negdirection
® 24El
ol?
0, =0, =
AP 24E)

Applying boundary condition ii) ,in equation 3
Cz =0
Substitute C; & C, valuesion equation 3, we get

4

o/x® ox* wlx

12 24 24

Ely =

the deflection is minimum at mid point C.



To find max deflection x= gsub inequab

3
‘
wW/| — 2 3
[2) o/l ol>(/
Ely, = —| =] —— =
12 24\ 2 24\ 2
_ofl_off off Sof
96 384 384 384
Swe’
Ye =
384 El

12) A SSB AB of span 5m carriesa point of 40 KN at its centre. The values of moments of inertiafor the
left half is2 x 10® mm? and for theright half of portion is4 x 10® mm®. Find the slope at the two support
and deflection under the load. Take E = 200 GN/m? (16 mark)

(Apr / May 2016)

A 2.5m 2.5m B

ol 40x5

Slopeattwowpports(BM)max:T: 4 =50KNm

Draw conjugate beam, Take M 5

RB><5:i l><50><2.5><§ +i 1><50><2.5 2.5+E
El 2 3

2 3| 2El
= i[ 12.5] + i{l x50x 2.5x E}
3El 2ElI| 2 3

_3125 3125_625

B 3\ 3E 3E

PN
3EI

R




R, + R, _ L1 5025+ 1| Lisox2s
El| 2 2El| 2
_625 625_187.5
El 2El 2El
_187.5 125 _5625-250 3125
AT 2E1 3EI 6EI 6EI
3
shear force atA,0, = F, = 3125 _ 312.5:10 _
6El 6x200x10° x 2x10
6, = 0.0013 rad
3
shear force atA,0; = F, = 15 125X910 -
3El 3x200x10°x2x10

0, = 0.00104 rad

Deflection under load(y,)

M. =R, ><2.5—i l><50><2.5><E
ElIL2 3

3125 3125 468.75
e = x2.5- =
6El 6El 6El

y.=M_ = 46875 _ 1 95x10°m
6EI

13) A beam 6m long, ssimply supported at its end, is carrying a point load of 50 KN at its centre. The
moments of inertia of the beam is given as equal to 78 x 10°mm?®. If E for the material of the beam = 2.1 x
10 ° N/mm?, calculate i) deflection at the centre of the beam & ii) slope at the supports (16 mark)

M

(Nov / Dec 2015)



50kN

A
v

3m .L 3m
e
m

6

<& »
<« »

{=6m ®=50KN | =78x10°mm* E=2.1x10°N/mm?
Double Integration method

of? 50x10* x 6000

i) 0, =0, = =
) 04 =64 16El  16x2.1x10° x 78x10°

=6.87x10°° radians

o’ 50x10°x6000°
48El 48x2.1x10° x 78x10°
Y. =13.74 mm

DY,

14) A beam of length 6m issimply supported at ends and carriestwo point loads of 48 kN and 40 kN at
distance of 1m and 3m respectively from theleft support as shown in fig.

Using Macauley’s method find
(i) deflection under each load
(ii) maximum deflection &
(iii) the point at which maximum deflection occurs,

Given, E=2x 10° N/mm? & | =85x 10° mm*  (Nov/Dec 2015) (16)

48 kN 40 kN

1m B
3m
Ra =60 kN Rs =28 kN

6m |

Ra & Rg
RA + RB =88 kN —)(1)
IMp=0= -48x1-40x3+6Rg =0

6Rg = 168



Substitute in eqn (1)

Consider the selection X in the last part of the beam at a distance x from the left support A. The BM at this

selection is given by,

d’y
Bl 2= R,X|-48(x —1)| - 40(x -3)
= 60x |-48(x —1)| - 40(x - 3)

Integrating the above equation, we get,

(x-27|_, (x=3°
2 | 2

2
B 60X ¢ |48
dx 2
=30¢° + ¢, |-24(x~1)°| - 20(x-3)" (1)
Integrate the above equation, again,

3 3
Ely = 30x—33+clx ‘e, |_24(:‘1) I_ 20(X3—3)

=10x* + ¢ X +C, |-8(x ~1)’ _TZO(X—B)3 -(2)

To find values of ¢; & ¢, use, two boundary condition,
(i) Atx=0;,y=0
(i) Atx=6m;y=0

Substitute boundary condition (i) in equation (2) we get

x=0;y=0=>
U
liesfirst part of the beam so consider equation, upto first line
substitute boundary condition (ii) in equation (2) , we get,
x=6m;y=0

0=10x6>+c, x 6+ 0-8(6-1)>-20/3 (6-3)°

0=2160 + 6¢; -8 x 5°-20/3x 3°

0=2160 + 6¢, -1000 -180 = 980 + 6¢;

7980 _ 16333

G




Substitute ¢; & ¢, valuein equation (2),

Ely = 10x° ~163.33x|-8(x -1’

- 207 (x-3)’ - (3)
(1) Deflection under each load:
At point c,
Substitute x =1 in equation (3) upto first part of vertical line,
Ely.=10x1°-163.33x 1
=-153.33 kNm®
Ely, = -153.33 x 10" Nmm?

 -153.33x10%  -153.33x107

¢ El ~ 2x10° x85x10°
Y. =-9.016mm
At point D,

Substitute x = 3 in egn (3) upto second part of vertical line,
Elyp = 10x 3*- 163.33 x 3- 8(3-1)°
= 270 - 489.99 — 64 = -283.99 kNm®

=-283.99 x 10”2 Nmm®

 —283.99x10°%  —283.33x10%

Yo = El " 2x10° x85x10°
Yp =-16.7mm

(2) Maximum Deflection;

Deflection is max between section C & D
For maximum deflection, dy/dx = 0 substituting in egn (1)
Consider the egn (1) upto second vertical line,

30x% + 1 -24(x-1)=0

6x2 + 48x — 187.33=0

_ -btb’-dac  -48++48 - 4x6x187.33

2a 2x6

X =2.87m

Substitute , x = 2.87m in eqn(3) ,upto second vertical line, we get,
Elyma = 10 x 2.87° - 163.33 x 2.87 — 8(2.87-1)°

=284.67 KNm® = -284.67 x 10'2 Nmm®



2
Yo = —2ETXA0" 16 a5m
2x10°x85x10

Yo = 16.745mm

15) A horizontal beam of uniform section and 7m long issimply supported at it ends. The beam is
subjected to a UDL of 6 KN/m over alength of 3m from theleft end and a concentrated load of 12 KN at

5m from the left end. Find the maximum deflection in the beam using Macauley’s method.

(Apr/May 2015) 16 Marks

6 kN/m
\Z 12 kN
|x
AN
: |, D TB
= 1757 kN | Rg = 12.43 kN
7m X |
Tofind Ry &Rg X /% 1

Ra+Rs=6x3+12=30KN  — (1)

IMa=0=7Rg= 12x5+ 3x3x3/2= 87

R, =12.43KN
R, =17.57KN

Mxx = Rax - 6X 3X (x-1.5) - 12X (x-5)

2
Myy = EI9 %Xz = 17.57x |18(x-1.5)| - 12(x-5)

d’y
El = =17.57x|-18(x —15) | -12(x—5)

o

Integrate
-18(x-15)°| 12(x-5)’

El % =17.57% +¢, : | 2
EI% ~8.785x" +0,|-9(x~15)"|-6(x-5)’ (1)
Integrate
Ely =8.785X%+clx+cz|_9(X;1'5)3|— G(XS_5)3
=2.93¢ + e +¢,|-3(x-1.5)°[ - 2(x - 5)° —(2)

To find values of ¢; & ¢, use boundary
HAtx=0=y=0— (i)

(i) Atx=Tm =y =0 — (ii)



Substitute B.C in equation (2), we get, consider the term upto first vertical line
O=c,
Substitute B.C (ii) in equation (2) , we get
X=7Tm;y=0
0=2.93(7)* + 7c, - 3(7-1.5)% -2(7-5)*
7c, = -2.93(7)% + 3(7-1.5)% +2(7-5)°
7c, = -489.865

c, = -69.98

Substitute ¢; & ¢, valuesin equation (2) , we get,
Ely = 2.93x*-69.98 x |-3(x-1.5)° | -2(x-5)° — (3)
Assume deflection maximum between ¢ & D; we get,
For maximum deflection dy/dx = 0
Substitute in equation (1),
Consider upto second vertica line
0 = 8.785x* -69.98 -9(x-1.5)*
= 8.785x? - 69.98 - 9(x?-3x+2.25)
= 8.785x° - 69.98 — 9x* + 27x — 20.25
0=-0.215x* + 27x — 90.23

0= 0.215x? -27x + 90.23

X =3.435m| substituting in equation (3) upto second vertical line,

Elymax = 2.93(3.435)° — 69.98(3.435) -3(3.435-1.5)°

14336
El

max

16) A cantilever of span 4m carriesa UDL of 4 KN/m over alength of 2m from the fixed end and a
concentrated load of 10 KN at the free end. Deter mine the slope and deflection of the cantilever at the free
and using conjugate beam method. Assume EI uniform throughout.



4 kN/m

10 kN
P
N_2m
4m B
Al !
1 1
4 KN/m 10 kN
/‘ 2m I/
dm C
Al /
1 1
A B C
20 kNm
BMD
48 KNm
A B C
0 | 2 |2
El 20
El
8 Conjugate beam
El
BMaC=0

B.MaB=-10x2=-20 KNm

=- x—xxi
BMaA=-10x4-4x2 [AJ

=-10x4=4%x2x1=-48KNm

Total load on beam = Area of % diagram



20 1 (48 20)

}/ ><—— = Zxox =

Zz El 3 El El
—20_4_0_} 5, 28
El Bl 3 E
p_ —60-120-56 _ 236

3EI - 3El

Slope at C,

For finding BM at C for conjugate beam the total load can be considered as UVL and which is divided into one
triangle & one rectangle and one parabolic curve on conjugate beam

C:[}/Z/xegx%XZ}+ 2X§X£2+%J +
s £2), ( /(Xm]

80 120 [1 28 7
= T X I
3E El |3 B Z

Deflection _BMat 80 360 196 636
ac c R ]

B.M at

17) Deter mine the deflection of the beam at its midspan and also the position of maximum deflection &

max. Deflection Take E = 2 x 10° N/mm? and | = 4.3 x 10° mm* . Use Macaulay’s method. The beam is
given in fig

(Nov/Dec 2014) (May / June 2017) (16)
40 kKN/m
¥
[
A C D B
Ro=100kN | Re =60 kN

1m 4 4m 1 3m

X

Ra&Rg :
Ra+Rg=40X4=160 — (1)
IMaA=0=8Ry=40X 4X 3

8Re= 480

Ry =60KN| substitutein (1)



To obtain general expressions for the B.M at a distance x from the left end A, which will apply for all values of
X, it is necessary to extend the UDL upto the support B, compensating with an equal upward load of 40 KN/m
over the span DB as shown in figure, now Macauley’s method can be applied.

1210 kN/m  (Downward)
(88 \WAAMA
C D

\/\AW B
Re = 60 kN

R»F 100 kN 3m

—
7_A_m_J/ 40 kN/m ~ upward
1

B.M at any section at a distance x from end A is given by,

2
Elg—y:RAX

X2

~40(x-1) (Xgl) +40(x—5) (X;S)

2
El 3'732':100x|—20(x—1)2|+20(x—5)2 (1)

Integrate the above equation, we get,

—20(X;1) |+2o(x_35) -(2)

2
El ﬂ _ 100x
dx

+C

Integrate again, we get,

—20(x-1)'| 20(x-5)"

34|34

5(x-5)"
3 - (3)

Ely =50%/4 + X+,

=)

:50X%+clx+c2
The value of ¢; & ¢, are obtained from boundary condition (i) x=0;y=09%ii)) x=8my=0
Substituting x = 0; y = 0in equation (3) upto first dotted line, we get
Substituting (ii) B.C x = 8; y =0 in eguation(3),

50
0=?x83+cl><8+0—%(8—1)4+%(8—5)4

0=28533.33+8c, —4001.66+135
8c, = -4666.67

_ —4666.67 _ -583.33

Substituting the values of ¢; & ¢, in equation (3) we get,



Ely= 5—??x3 -583.33|- %4 (x-1)'|+ % (x-5)" > (4)

a) Deflection at centre

substitute x = 4 in equation (4) , upto second vertical line,

ElY s =5—3?43 -583.33x4— % (4-1)*

= -1401.66x10° x10° Nmm?®
=-1401.66x10"” Nmm?®

—1401.66x10%
=T 16.29mm
4 2x10° x 4.5x10°

(- sign indicates downward)
b) Position of maximum deflection

For maximum deflection dy/dx = O; equating the slope given by egn (2) upto second vertical line;

0=50x> +cl—2%(x—1)3

0=50x* - 583.33- 6.667 (x -1 —(5)

The above eguation is solved by trial & error method
Let,
x =1; R.H.S of equation of egn (5),
=50(1)* - 583.33 - 6.667(1-1)°
=-533.33
x=2;then R.H.S
=50 x 4-583.33 - 6.667 (1)°
=-390.00
x=3;thenR.H.S
=50 x 9 - 583.33 - 6.667(2)°
=-136.69
x =4; then RH.S
=50 x 16 -583.33 - 6.667(3)*
=+ 36.58
x valueliesbetweenx =3 & x =4

Letx =3.82thenRH.S



=50 x 3.82 - 583.33 - 6.667(3.82-1)°
=-3.22
X =3.83thenR.H.S
=50 x 3.83 - 583.33 - 6.667(3.83-1)°
=-0.99
Maximum deflection will be at a distance of 3.83 m from support A.
¢) Maximum deflection

substitute x = 3.83 min eqgn (4) upto second vertical line, we get maximum deflection,

50 3
e :?(3.83) —583.33x 3.83—%(3.83—1)4

=-1404.69KNm?® = —1404.69x 10 Nmm?®

Ely

-1404.69x 10"

=———————==-16.33mm
2x10°x4.3x10

ymax




