
UNIT 5 – ADVANCED QUEUEING MODELS

PART-A
1. Eaplain few non-markovian queues.

Sol:Some of the queueing systems don’t have markov property either in arrival or service pattern and known as non-markovian queues.

Some of the queues are M/Ek/1 – having erlang service time distributions

M/D/1-constant service time distributions.

2. State the P-K transform equation.
Sol:
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3. Write the P-K mean value formula.

Sol:
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4. Write the formula for number of customers in the non-markovian queue with constant service time.

Sol:
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5. State the assumptions to derive P-K formula for non-markovian queues.

Sol:

a) the server is not idle whenever a job is waiting for service

b) the scheduling discipline does not base job sequencing on any priori information on job execution times

c) the scheduling is nonpreemptive that is once a job is scheduled for service it is allowed to complete without interruption

6. Define open queuing network.



Sol: An open queuing network is characterized by one or more sources of job arrivals and correspondingly one or more sinks that absorb jobs departing from the network.  7.

7. Write the balance equation for a two-stage tandem network.

Sol:
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8. Draw a two-stage tandem network.


 SHAPE  \* MERGEFORMAT 



9. Write the solution for balance equation for a two-stage tandem network.

Sol: 
[image: image6.wmf](
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10. Define bottleneck of a system.

Sol: As the arrival rate increases in a network of queues the node with larger with  
traffic intensity will become instability and hence the node with largest traffic 
intensity is called ‘bottleneck’ of the system.

11. A two stage tandem network is such that the average service time of node 1 is 1 hour and the average service time for node 2 is 2 hour and the arrival rate is 0.5 per hour. Find the bottleneck of the system.

Sol:
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.

0

5

.

0

2

1

5

.

0

2

1

2

1

=

=

=

=

=

r

r

m

m

l



Node 1 is bottleneck of the system.

12. A two stage tandem network is such that the average service time of node 1 is 1 hour and the average service time for node 2 is 2 hour and the arrival rate is 0.5 per hour.
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13. Write the properties of Jackson network.

a. Arrivals from the “outside” to node I follow a Poisson process with mean rate (i
b. Service times at each channel at node I are independent and exponentially distributed with parameter (i
c. The probability that a customer who has completed service at node i will go to next node j is rij  and rij indicates the probability that a customer will leave the system from node i.

PART B
1. In a heavy machine shop, the overhead crane is 75% utilised.  Time study observations gave the average slinging time as 10.5 minutes with a standard deviation of 8.8 minutes.  What is the average calling rate for the services of the crane and what is the average delay in getting service?  If the average service time is cut to 8.0 minutes with a standard deviation of 6.0 minutes, how much reduction will occur on average in the delay of getting served?


Solution:



The service (slinging ) time is not following exponential distribution.  Hence it is 
a 
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If the service time is cut to 8 minutes then
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2. A one-man barber shop takes exactly 25 minutes to complete one hair-cut.  If customers arrive at the barber shop in a Poisson fashion at an average rate of one every 40 minutes, how long on the average a customer in the spends in the shop.  Also, find the average time a customer must wait for service?


Solution:


In this model the service time is not varying and constant.  So this is a 
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the arrival rate 
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By Little’s formula
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3. A patient who goes to a single doctor clinic for a general check up has to go through 4 phases.  The doctor takes on the average 4 minutes for each phase of the check up and the time taken for each phase is exponentially distributed. If the arrivals of the patients at the clinic are approximately Poisson at the average rate of 3 per hour, what is the average time spent by a patient (i) in the examination (ii) waiting in the clinic?


Solution:


The clinic has 4 phases ( each having different service nature)  in series as 
follows:



[image: image20] 


Considering all the phases ( each with exponential service time) together as a  
“one server” we shall take it as a server with Erlang service time ( since sum of 
independent exponential variables is Erlang variable)


So this is a 
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the arrival rate 
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By Little’s formula



[image: image25.wmf](

)

min

40

16

56

1

1

1

min

56

20

1

5

14

=

-

=

-

=

-

=

=

÷

ø

ö

ç

è

æ

÷

ø

ö

ç

è

æ

=

=

T

E

W

W

W

utes

L

W

s

s

q

s

s

m

l


4. A car wash facility operates with only one bay.  Cars arrive according to a Poisson fashion with a mean of  4 cars per hour and may wait in the facility’s parking lot if the bay is busy.  The parking lot is large enough to accommodate any number of cars.  Find the average time a car spends in the  facility, if the time for washing and cleaning a car is constant of 10 minutes.


Solution:


In this model the service time is not varying and constant.  So this is a 
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[image: image28.wmf](

)

0

=

T

Var



the arrival rate 
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By Little’s formula
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5. A car wash facility operates with only one bay.  Cars arrive according to a Poisson fashion with a mean of  4 cars per hour and may wait in the facility’s parking lot if the bay is busy.  The parking lot is large enough to accommodate any number of cars.  Find the average number of cars waiting in the parking lot, if the time for washing and cleaning a car follows  a discrete distribution with values equal to 4,8,15 minutes and corresponding probabilities 0.2,0.6 and 0.2.


Solution:


In this model the service time is not varying and constant.  So this is a 
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The service time is a discrete distribution as given below:


T:
4
8
15


p(T):
0.2
0.6
0.2


So the mean and variance are calculated as 
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the  arrival rate 
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By Little’s formula
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6. Derive the Pollaczek-Khinchine formula.


Solution:


Let N and N’ be the number of customers in the system at times t and t+T, when 

two consecutive customers have just left the system after getting service.


[image: image37]

Thus T is the random service time, which is a continuous random variable.  Let 
f(t),E(T) and var(T) be the p.d.f, mean and variance of the service time T.



Let M customers arriving in the system during service time.



Case (i)  If the number of customers in the system is  N (=0) during the service 


   time t, then the number of customers in the system during the service 


   time T is  M the customers arrived



Case (ii)  If the number of customers in the system is N ( > 0), then the number of 


   customers in the system during the service time T is                                           

    N - 1( that is  the customer left) + M ( the customers arrived)




In notations,
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where M is a discrete random variable taking the values  0,1,2,…



The same can be written as
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Note that by the definition of (,  (2 = (   and   N(  =  0


Squaring both sides of 1,  we have,
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Taking Expectations on the both sides of (1) we get,
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In steady state the probability that the number of customers in the system 


is constant 
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and substituting in previous equation we have
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Taking Expectations on the both sides of (2) we get
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using (3)  we have
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 using (4) we have
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Since the number of arrivals (M) to a system is independent of the number of customers already in the system (N) we have
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Since the arrivals follow Poisson process with parameter ( the expected number 
of arrivals in time T is
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substituting in (5) we have,
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is the Pollaczek-Khinchine formula.


7. A repair facility by a large number of machines has two sequential stations with respective rates one per hour and two per hour.  The cumulative failure rate of all the machines is 0.5 per hour. Assuming that the system behavior may be approximated by the two-stage tandem queue , determine the average repair time.

Solution:
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Note that each station is a (M/M/1) queue model


The average length of the queue  at station 1
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The average length of the queue  at station 2
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The total repair time of the network is 
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8. Find the average response time for a two-stage tandem open network with feedback.






[image: image57]
By Jackson’s result the two-queues at each node will behave like independent 
M/M/1 queues  and hence the probability that there are k0 customers at node 0 and 
k1 customers at node 1 is given by
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  where 
[image: image59.wmf]1

1

1

0

0

0

m

l

r

m

l

r

=

=




[image: image60.wmf]1
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 are the arrival rates at nodes 0 and 1 respectively.


In steady state the arrival rate and departure rate at the respective nodes coincide.


The node 0 has arrival from outside with a rate 
[image: image61.wmf]l

 and the arrival rate from the 
feedback ( that is departure rate from node 1 which is nothing but 
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when a job is completed at node 0, it will reach node 1 therefore the number of 
jobs at node 1 is p1 and so the average arrival rate to node 1 is given by
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thus:
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 which implies that
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B0 denote the total service time at node 0 for a job then 
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  Similarly 
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The average response time is computed as
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