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TWO DIMENSIONAL RANDOM VARIABLES
PART – A
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2. State the basic properties of joint distribution of 
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3. Can the joint distributions of two random variables  
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be got if their marginal distributions are random?
                   If the random variables 
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are independent, then the joint distributions of 
        two random variables can be got if their marginal distributions are known.

4. Let 
[image: image20.wmf]X

and 
[image: image21.wmf]Y

be two discrete random variable with joint pmf 
        
[image: image22.wmf][

]

ï

î

ï

í

ì

=

=

+

=

=

=

otherwise

y

x

y

x

y

Y

x

X

P

,

0

2

,

1

;

2

,

1

,

18

2

,

. Find the marginal pmf of 
[image: image23.wmf]X

and 
[image: image24.wmf][

]

X

E

.
          The joint pmf of 
[image: image25.wmf](

)

Y

X

,

 is given by 

	       X    Y     
	1
	2

	1
	
[image: image26.wmf]18

3


	
[image: image27.wmf]18

4



	2
	
[image: image28.wmf]18

5


	
[image: image29.wmf]18

6




            Marginal pmf of 
[image: image30.wmf]X

 is

           
[image: image31.wmf][

]

9

4

18

8

18

5

18

3

1

=

=

+

=

=

X

P

 
         
[image: image32.wmf][

]

9

5

18

10

18

6

18

4

2

=

=

+

=

=

X

P


         
[image: image33.wmf][

]

(

)

(

)

(

)

å

=

+

=

÷

ø

ö

ç

è

æ

+

÷

ø

ö

ç

è

æ

=

=

.

9

14

9

10

9

4

9

5

2

9

4

1

x

p

x

X

E

   
5. Let 
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and 
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be integer valued random variables with  
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The marginal pmf of  
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6. The joint probability density function of the random variable 
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7. The joint pdf of the random variable 
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8. The joint pdf of the random variable 
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10.   If the function 
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11. Find the marginal density functions of 
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12. If 
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14. Let 
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and

X

 be continuous random variable with joint pdf 
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16. Let 
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and

X

 be random variable with joint density function                              
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17. Let 
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and

X

be any two random variables and 
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19. If 
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20. Find the acute angle between the two lines of regression.
                    The equations of the regression lines are
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 is the acute angle between the two lines, then 
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21.  If  
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      Therefore, the correlation co-efficient 
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PART - B
1. Three balls are drawn at random without replacement from a box containing 2 white, 3 red and 4 black balls. If 
[image: image224.wmf]X

 denotes the number of white balls drawn and 
[image: image225.wmf]Y

 denotes the number of red balls drawn, find the joint probability distribution of 
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.
Solution:      As there are only 2 white balls in the box, 
[image: image227.wmf]X

 can take the values 0, 1 and 2 and 
[image: image228.wmf]Y

 can take the values 0, 1, 2 and 3 since there are only 3 red balls. 
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 [ since only 3 balls are drawn ]
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                     The joint probability distribution of 
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Solution:The joint probability distribution of 
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 is given below
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	2
	3

	0
	3k
	6k
	9k

	1
	5k
	8k
	11k

	2
	7k
	10k
	13k


                                   Since 
[image: image258.wmf](

)

y

x

p

,

 is a probability mass function, we have

                          
[image: image259.wmf](

)

å

å

=

1

,

y

x

p


                         
[image: image260.wmf]1

13

10

7

11

8

5

9

6

3

=

+

+

+

+

+

+

+

+

k

k

k

k

k

k

k

k

k


                                                                     
[image: image261.wmf]1

72

=

k


                                                                         
[image: image262.wmf]72

1

=

k

 

                   Marginal probability distribution of 
[image: image263.wmf]X


                         
[image: image264.wmf][

]

4

1

72

18

18

9

6

3

0

=

=

=

+

+

=

=

k

k

k

k

X

P


                         
[image: image265.wmf][

]

3

1

72

24

24

11

8

5

1

=

=

=

+

+

=

=

k

k

k

k

X

P



    
[image: image266.wmf][

]

12

5

72

30

30

13

10

7

0

=

=

=

+

+

=

=

k

k

k

k

X

P


                   Marginal probability distribution of 
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                  Conditional distribution of 
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                  Conditional distribution of 
[image: image276.wmf]X

given 
[image: image277.wmf]2

=

Y




                         
[image: image278.wmf][

]

[

]

[

]

4

1

24

6

24

6

2

2

,

0

2

0

=

=

=

=

=

=

=

=

=

k

k

Y

P

Y

X

P

Y

X

P


                        
[image: image279.wmf][

]

[

]

[

]

3

1

24

8

24

8

2

2

,

1

2

1

=

=

=

=

=

=

=

=

=

k

k

Y

P

Y

X

P

Y

X

P


                        
[image: image280.wmf][

]

[

]

[

]

12

5

24

10

2

2

,

2

2

2

=

=

=

=

=

=

=

=

k

k

Y

P

Y

X

P

Y

X

P


                  Conditional distribution of 
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                    Conditional distribution of 
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                   Conditional distribution of 
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                   Conditional distribution of 
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                  Probability distribution of 
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3.The joint distribution of 
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 where 
[image: image311.wmf]X

and 
[image: image312.wmf]Y

are discrete is given in the 

   following table

     Solution:           
	
Y

X
	0
	1
	2

	0
	0.1
	0.04
	0.06

	1
	0.2
	0.08
	0.12

	2
	0.2
	0.08
	0.12



  Verify whether 
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and 
[image: image314.wmf]Y

are independent.

         Marginal distribution of 
[image: image315.wmf]X

is
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         Marginal distribution of 
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is
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[image: image323.wmf]X

and 
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are independent if 
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From (1) and (2), we have
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Therefore for all 
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Hence, the random variables 
[image: image342.wmf]X

and 
[image: image343.wmf]Y

are independent.

4. The joint pdf of a two dimensional random variable 
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and 
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independent?
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Marginal density of 
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is

                               
[image: image387.wmf](

)

(

)

ò

=

dx

y

x

f

y

f

Y

,


                                         
[image: image388.wmf](

)

¥

-

-

¥

-

-

¥

-

-

-

=

=

=

ò

ò

0

0

0

x

y

x

y

y

x

e

e

dx

e

e

dx

e

e


                                         
[image: image389.wmf](

)

0

,

1

0

>

=

-

-

=

-

-

y

e

e

y

y


                 
[image: image390.wmf](

)

(

)

(

)

(

)

y

x

f

e

e

e

y

f

x

f

XY

y

x

y

x

Y

X

,

.

.

=

=

=

+

-

-

-



Therefore 
[image: image391.wmf]X

and 
[image: image392.wmf]Y

are independent.
6. The joint pdf of a two dimensional random variable 
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Marginal density of 
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Marginal density of 
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is
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   Conditional density of 
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given 
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is
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   Conditional density of 
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given 
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is
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7. Given the joint pdf of 
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    and conditional probability density functions of 
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and 
[image: image425.wmf]Y

. Are 
[image: image426.wmf]X

and 
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are 

    independent?

     Solution: 
Marginal density of 
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Marginal density of 
[image: image431.wmf]Y

is
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Therefore 
[image: image435.wmf]X

and 
[image: image436.wmf]Y

are not independent.
Conditional density of 
[image: image437.wmf]X

given 
[image: image438.wmf]Y

is
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Conditional density of 
[image: image440.wmf]Y

given 
[image: image441.wmf]X

is
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8. Given 
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      Solution:

      Correlation co-efficient  
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      Correlation co-efficient  
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 Correlation co-efficient  
[image: image512.wmf][

]

[

]

[

]

Y

X

Y

E

X

E

XY

E

s

s

-

=



[image: image513.wmf][

]

(

)

òò

=

dy

dx

y

x

f

x

X

E

,


          
[image: image514.wmf](

)

(

)

ò

ò

ò

ò

-

-

=

-

-

=

1

0

1

0

2

1

0

1

0

2

2

dy

dx

xy

x

x

dy

dx

y

x

x


          
[image: image515.wmf]ò

ò

ò

÷

ø

ö

ç

è

æ

-

=

ú

û

ù

ê

ë

é

-

-

=

ú

ú

û

ù

ê

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

-

÷

÷

ø

ö

ç

ç

è

æ

-

÷

÷

ø

ö

ç

ç

è

æ

=

1

0

1

0

1

0

1

0

2

1

0

3

1

0

2

2

3

2

2

3

1

1

2

3

2

2

dy

y

dy

y

dy

x

y

x

x


          
[image: image516.wmf](

)

12

5

4

1

3

2

2

2

1

3

2

1

0

2

1

0

=

-

=

÷

÷

ø

ö

ç

ç

è

æ

-

=

y

y



[image: image517.wmf][

]

(

)

òò

=

dy

dx

y

x

f

y

Y

E

,


          
[image: image518.wmf](

)

(

)

ò

ò

ò

ò

-

-

=

-

-

=

1

0

1

0

2

1

0

1

0

2

2

dy

dx

y

xy

y

dy

dx

y

x

y


                     
[image: image519.wmf](

)

(

)

ò

ò

ò

÷

ø

ö

ç

è

æ

-

=

ú

û

ù

ê

ë

é

-

-

=

ú

ú

û

ù

ê

ê

ë

é

-

÷

÷

ø

ö

ç

ç

è

æ

-

=

1

0

2

1

0

2

1

0

1

0

2

1

0

2

1

0

2

3

2

2

2

2

dy

y

y

dy

y

y

y

dy

x

y

x

y

x

y




[image: image520.wmf]12

5

3

1

4

3

3

2

2

3

1

0

3

1

0

2

=

-

=

÷

÷

ø

ö

ç

ç

è

æ

-

÷

÷

ø

ö

ç

ç

è

æ

=

y

y



[image: image521.wmf][

]

(

)

òò

=

dy

dx

y

x

f

x

X

E

,

2

2


          
[image: image522.wmf](

)

(

)

ò

ò

ò

ò

-

-

=

-

-

=

1

0

1

0

2

3

2

1

0

1

0

2

2

2

dy

dx

yx

x

x

dy

dx

y

x

x



      
[image: image523.wmf]ò

ò

ò

÷

ø

ö

ç

è

æ

-

=

ú

û

ù

ê

ë

é

-

-

=

ú

ú

û

ù

ê

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

-

÷

÷

ø

ö

ç

ç

è

æ

-

÷

÷

ø

ö

ç

ç

è

æ

=

1

0

1

0

1

0

1

0

3

1

0

4

1

0

3

3

12

5

3

4

1

3

2

3

4

3

2

dy

y

dy

y

dy

x

y

x

x



 
[image: image524.wmf](

)

4

1

6

1

12

5

2

3

1

12

5

1

0

2

1

0

=

-

=

÷

÷

ø

ö

ç

ç

è

æ

-

=

y

y



[image: image525.wmf][

]

(

)

òò

=

dy

dx

y

x

f

y

Y

E

,

2

2


          
[image: image526.wmf](

)

(

)

ò

ò

ò

ò

-

-

=

-

-

=

1

0

1

0

3

2

2

1

0

1

0

2

2

2

dy

dx

y

xy

y

dy

dx

y

x

y


                     
[image: image527.wmf](

)

(

)

ò

ò

ú

û

ù

ê

ë

é

-

-

=

ú

ú

û

ù

ê

ê

ë

é

-

÷

÷

ø

ö

ç

ç

è

æ

-

=

1

0

3

2

2

1

0

1

0

3

1

0

2

2

1

0

2

2

2

2

2

dy

y

y

y

dy

x

y

x

y

x

y




[image: image528.wmf]4

1

4

1

2

1

4

3

2

3

2

3

1

0

4

1

0

3

1

0

3

2

=

-

=

÷

÷

ø

ö

ç

ç

è

æ

-

÷

÷

ø

ö

ç

ç

è

æ

=

÷

ø

ö

ç

è

æ

-

=

ò

y

y

dy

y

y



[image: image529.wmf][

]

[

]

(

)

2

2

2

X

E

X

E

X

-

=

s


                 
[image: image530.wmf]144

11

144

25

4

1

12

5

4

1

2

=

-

=

÷

ø

ö

ç

è

æ

-

=




[image: image531.wmf]12

11

=

X

s





[image: image532.wmf][

]

[

]

(

)

2

2

2

Y

E

Y

E

Y

-

=

s


                 
[image: image533.wmf]144

11

144

25

4

1

12

5

4

1

2

=

-

=

÷

ø

ö

ç

è

æ

-

=



    
[image: image534.wmf]12

11

=

Y

s




[image: image535.wmf][

]

(

)

òò

=

dy

dx

y

x

f

xy

XY

E

,


            
[image: image536.wmf](

)

(

)

ò

ò

ò

ò

-

-

=

-

-

=

1

0

1

0

2

2

1

0

1

0

2

2

dy

dx

xy

y

x

xy

dy

dx

y

x

xy


                       
[image: image537.wmf]ò

ò

ú

û

ù

ê

ë

é

-

-

=

ú

ú

û

ù

ê

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

-

÷

÷

ø

ö

ç

ç

è

æ

-

÷

÷

ø

ö

ç

ç

è

æ

=

1

0

2

1

0

1

0

2

2

1

0

3

1

0

2

2

3

2

3

2

2

dy

y

y

y

dy

x

y

x

y

x

y


                       
[image: image538.wmf]6

1

6

1

3

1

3

2

1

2

3

2

2

1

3

2

1

0

3

1

0

2

1

0

2

=

-

=

÷

÷

ø

ö

ç

ç

è

æ

-

÷

÷

ø

ö

ç

ç

è

æ

=

÷

ø

ö

ç

è

æ

-

=

ò

y

y

dy

y

y


          
[image: image539.wmf](

)

11

1

144

11

144

1

144

11

144

25

6

1

12

11

.

12

11

12

5

12

5

6

1

,

-

=

-

=

-

=

÷

ø

ö

ç

è

æ

÷

ø

ö

ç

è

æ

-

=

Y

X

Corr


12. Find the correlation between 
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and 
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if the joint probability density of 
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      Solution:

Correlation co-efficient  
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13. If the independent random variables 
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14. Find the correlation co-efficient for the following data

	X
	10
	14
	18
	22
	26
	30

	Y
	18
	12
	24
	6
	30
	36


             Solution:   Here 
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15. From the following data, find

        (1) the two regression equations

        (2) the co-efficient of correlation between the marks in Mathematics and 

             Statistics.

        (3) the most likely marks in Statistics when marks in Mathematics are 30. 

	Marks in Mathematics
	25
	28
	35
	32
	31
	36
	29
	38
	34
	32

	Marks in Statistics
	43
	46
	49
	41
	36
	32
	31
	30
	33
	39
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The line of regression of 
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The line of regression of 
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When marks in Mathematics are 
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Therefore marks in Statistics = 
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       Solution: Given    
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              Since both the lines of regression passes through the mean values 
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         Subtracting the equations (3) and (4), we have
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       Therefore mean values are 
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        Let us suppose that equation (1) is the line of regression of 
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       Since  both the regression co-efficients are positive, 
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 must be positive.
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             Consider the auxiliary random variable 
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            Therefore, the joint density function of 
[image: image703.wmf]UV

 is given by

                   
[image: image704.wmf](

)

(

)

1

0

,

1

0

,

,

£

£

£

£

=

y

x

y

x

f

J

v

u

f

XY

UV

   

                                   
[image: image705.wmf](

)

1

0

,

1

0

1

£

£

£

£

+

=

v

v

u

y

x

v


                                   
[image: image706.wmf]1

0

,

0

1

£

£

£

£

÷

ø

ö

ç

è

æ

+

=

v

v

u

v

v

u

v


                                   
[image: image707.wmf]1

0

1

2

£

£

£

+

=

v

u

v

u


The pdf of 
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             Introduce the auxiliary random variable 
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            Therefore, the joint density function of 
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